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CS 559: Machine LearningCS 559: Machine Learning 
Fundamentals and Applications

1st Set of Notes

Instructor: Philippos Mordohai
Webpage: www.cs.stevens.edu/~mordohai
E mail: Philippos Mordohai@stevens eduE-mail: Philippos.Mordohai@stevens.edu

Office: Lieb 215
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ObjectivesObjectives

• Hands-on experience with fundamentalHands on experience with fundamental 
algorithms

Useful for everyday problems– Useful for everyday problems

• Exposure to state of the art in machine 
learning and pattern recognition
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LogisticsLogistics

• Office hours: Tuesday 5-6 and by emailOffice hours: Tuesday 5 6 and by email

• Evaluation:
4 h k t (20%)– 4 homework sets (20%)

– Project (25%)

– Pop-up quizzes and participation (10%)

– Midterm (20%)

– Final exam (25%)

Pattern Classification, Chapter 1 3



ProjectProject

• Pick topic around middle of the semesterPick topic around middle of the semester

• I will suggest ideas and datasets in next 
lectureslectures

• Deliverables:
– Project proposal

– Presentation in class

– Poster in CS department event

– Final report (around 8 pages)
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Project ExamplesProject Examples

• Face detection using boostingFace detection using boosting
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Project ExamplesProject Examples

• Detecting bots in Quake 2Detecting bots in Quake 2
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Project ExamplesProject Examples

• Spam filteringSpam filtering

• Gender identification from emails

H d i i i i• Handwriting recognition
– Also cool demo, but requires hardware
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PrerequisitesPrerequisites

• Probability theoryProbability theory 
• Matlab or C/C++ programming

– This could be “language of your choice” butThis could be language of your choice , but 
then you are responsible for debugging etc.

• Some linear algebraSome linear algebra
– Must not be afraid of eigenvalues

• Your grade will be affected by any 
weaknesses in theseweaknesses in these
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Pattern Classification

A lot of material in these slides was taken from
Pattern Classification (2nd ed) by R. O. Duda, P. E. 

Hart and D. G. Stork, John Wiley & Sons, 2000
with the permission of the authors and the publisher



What is Pattern Recognition?What is Pattern Recognition?

• InformallyInformally
– Recognize patterns in data

More formally• More formally
– Assign an object or an event to one of the 

several pre specified categories (a category isseveral pre-specified categories (a category is 
usually called a class)
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Example: Male or Female?Example: Male or Female?
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Example: Photograph or Not?Example: Photograph or Not?
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Character RecognitionCharacter Recognition

• In this case the classes are all characters 
in the alphabet digits etcin the alphabet, digits etc.
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Speech UnderstandingSpeech Understanding

• In this case the classes are all phonemes
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Machine Learning ResearchMachine Learning Research

• Speech recognitionSpeech recognition 

• Natural language processing

C i i• Computer vision

• Medical outcomes analysis

• Robot control

• Computational biologyComputational biology

• Sensor networks
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Real-life ApplicationsReal life Applications

• Loan applicationsLoan applications

• Recommendation systems 
A N tfli– Amazon, Netflix

• Targeted advertising
– countless examples…
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Chapter 1: Introduction to Pattern 
Recognition (Sections 1 1-1 6)Recognition (Sections 1.1 1.6)

• Machine Perception• Machine Perception
• An Example

P tt R iti S t• Pattern Recognition Systems
• The Design Cycle
• Learning and Adaptation
• Conclusion
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Machine PerceptionMachine Perception

• Build a machine that can recognize patterns:g p

– Speech recognition

– Computer Vision: object recognition, face detection

– Fingerprint identification

OCR (O ti l Ch t R iti )– OCR (Optical Character Recognition)

– DNA sequence identification 
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An ExampleAn Example

• “Sorting incoming Fish on a conveyorSorting incoming Fish on a conveyor 
according to species using optical sensing”

Sea bass

Species

Salmon
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TrainingTraining
• Set up a camera and take some sample images 

– Label these images by handLabel these images by hand

• Extract features
– Length
– Lightness
– Width
– Number and shape of fins
– Position of the mouth, etc…

– Test whether this set of features is useful for a classifier
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PreprocessingPreprocessing
• Use a segmentation operation to isolate 

f f ffishes from one another and from the 
background

• Information from a single fish is sent to a• Information from a single fish is sent to a 
feature extractor whose purpose is to reduce 
the data by measuring certain quantitiesthe data by measuring certain quantities

• The features are passed to a classifierThe features are passed to a classifier 
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ClassificationClassification
• Select the length of the fish as a possible feature 

for discriminationfor discrimination
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Preliminary ResultsPreliminary Results

• Length is a poor feature alone!Length is a poor feature alone!
– About 20% misclassification rate at best 

threshold choicethreshold choice

S l t li ht ibl f t• Select lightness as a possible feature.
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The Decision BoundaryThe Decision Boundary

– Move the decision boundary toward smaller 
values of lightness in order to minimize thevalues of lightness in order to minimize the 
cost (reduce the number of misclassifications)
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New ClassifierNew Classifier

• Adopt the lightness and add the width ofAdopt the lightness and add the width of 
the fish

Fish xT = [x1, x2]

Lightness Width
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New ClassifierNew Classifier
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• We may add other features that are not 
correlated with the ones we alreadycorrelated with the ones we already 
have

• Intuitively, the best decision boundary 
h ld b th hi h idshould be the one which provides an 

optimal performance such as in the 
f ll i fifollowing figure:
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GeneralizationGeneralization

• However, our satisfaction is prematureHowever, our satisfaction is premature 
because the central aim of designing a 
classifier is to correctly classify novel input  

I f li ti !Issue of generalization!
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Final Decision BoundaryFinal Decision Boundary
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End of fish example. Back to business…
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Pattern Recognition SystemsPattern Recognition Systems

• SensingSensing

– Use of a transducer (camera or microphone)
– PR system depends of the bandwidth, the 

resolution sensitivity distortion of the transducer

• Segmentation and grouping

– Patterns should be well separated and should not 
overlap
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Pattern Recognition Systems
• Feature extraction

– Discriminative features

Pattern Recognition Systems

Discriminative features
– Invariant features with respect to translation, 

rotation and scale.

• Classification
– Use a feature vector provided by a featureUse a feature vector provided by a feature 

extractor to assign the object to a category

Post Processing• Post Processing
– Exploit context other than the target pattern itself 

to improve performancep p
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The Design CycleThe Design Cycle

• Data collection• Data collection

• Feature Choice

• Model Choice

• Trainingg

• Evaluation

• Computational Complexity• Computational Complexity
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Data CollectionData Collection

• How do we know when we have collectedHow do we know when we have collected 
an adequately large and representative set 
of examples for training and testing theof examples for training and testing the 
system?
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Feature ChoiceFeature Choice

• Depends on the characteristics of theDepends on the characteristics of the 
problem domain. Simple to extract, 
invariant to irrelevant transformationsinvariant to irrelevant transformations, 
insensitive to noise.
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Model ChoiceModel Choice

• What type of classifier to use?What type of classifier to use?

• When should we try to reject one model 
and try another one?and try another one?

• What is the best classifier for the problem?
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TrainingTraining

• Process of using data to determine theProcess of using data to determine the 
parameters of classifier

• Change parameters of the chosen model• Change parameters of the chosen model 
so that the model fits the collected data

M diff d f i i• Many different procedures for training 
classifiers

• Main scope of the coursep
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EvaluationEvaluation

• Measure system performance (e g errorMeasure system performance (e.g. error 
rate)

• Identify the need for improvements in• Identify the need for improvements in 
system components

H dj l i f h d l• How to adjust complexity of the model to 
avoid overfitting? Any principled methods 

d hi ?to do this?
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Computational ComplexityComputational Complexity

• What is the trade-off betweenWhat is the trade off between 
computational ease and performance?

• How does an algorithm scale as a function 
of the number of features patterns orof the number of features, patterns or 
categories?
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Learning and AdaptationLearning and Adaptation

• Supervised learningSupervised learning

– A teacher provides a category label or cost for p g y
each pattern in the training set

• Unsupervised learning

– The system forms clusters or “natural 
groupings” of the input patterns
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Probability Theory ReviewProbability Theory Review

See DHS Appendix A.4
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The Axioms of ProbabilityThe Axioms of Probability

• 0 <= P(A) <= 10 <= P(A) <= 1

• P(True) = 1

P(F l ) 0• P(False) = 0

• P(A or B) = P(A) + P(B) - P(A and B)
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OverviewOverview

• Discrete Random VariablesDiscrete Random Variables

• Expected Value

P i f Di R d V i bl• Pairs of Discrete Random Variables
– Conditional Probability

– Bayes Rule

• Continuous Random Variables
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Discrete Random VariablesDiscrete Random Variables

• A Random Variable is a measurement onA Random Variable is a measurement on 
an outcome of a random experiment —
denoted by r.v. xy

• Discrete versus Continuous randomDiscrete versus Continuous random 
variable: an r.v. x is discrete if it can 
assume a finite or countably infinite y
number of values. An r.v. x is continuous if 
it can assume all values in an interval.
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ExamplesExamples

• Which of the following random variables areWhich of the following random variables are 
discrete and which are continuous?

• X = Number of houses sold by real estate 
developer per week?developer per week?

• X = Number of heads in ten tosses of a coin?

X W i ht f hild t bi th?• X = Weight of a child at birth?

• X = Time required to run100 yards?
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
Copyright Christopher Dougherty 1999–2006

of Two Dice

This sequence provides an example of a discrete random variable.  Suppose that you have a red die 
which, when thrown, takes the numbers from 1 to 6 with equal probability.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

of Two Dice

green

1

22

3

4

5

6

Suppose that you also have a green die that can take the numbers from 1 to 6 with equal probability.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

of Two Dice

green

1

22

3

4

5

6

We will define a random variable X as the sum of the numbers when the dice are thrown.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

of Two Dice

green

1

22

3

4

5

6 10

For example, if the red die is 4 and the green one is 6, X is equal to 10.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

of Two Dice

green

1

22

3

4

5 7

6

Similarly, if the red die is 2 and the green one is 5, X is equal to 7.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

of Two Dice

green

1 2 3 4 5 6 7

2 3 4 5 6 7 82 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

5 6 7 8 9 10 11

6 7 8 9 10 11 12

The table shows all the possible outcomes.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

X

2

of Two Dice

green

1 2 3 4 5 6 7

2 3 4 5 6 7 8

2
3
4
5

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

6
7
8
9

5 6 7 8 9 10 11

6 7 8 9 10 11 12

9
10
11
12

If you look at the table, you can see that X can be any of the numbers from 2 to 12.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

X f

2

of Two Dice

green

1 2 3 4 5 6 7

2 3 4 5 6 7 8

2
3
4
5

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

6
7
8
9

5 6 7 8 9 10 11

6 7 8 9 10 11 12

9
10
11
12

We will now define f, the frequencies associated with the possible values of X.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

X f

2

of Two Dice

green

1 2 3 4 5 6 7

2 3 4 5 6 7 8

2
3
4
5 4

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

6
7
8
9

5 6 7 8 9 10 11

6 7 8 9 10 11 12

9
10
11
12

For example, there are four outcomes which make X equal to 5.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

X f

2 1

of Two Dice

green

1 2 3 4 5 6 7

2 3 4 5 6 7 8

2 1
3 2
4 3
5 4

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

6 5
7 6
8 5
9 4

5 6 7 8 9 10 11

6 7 8 9 10 11 12

9 4
10 3
11 2
12 1

Similarly you can work out the frequencies for all the other values of X.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

X f p

2 1

of Two Dice

green

1 2 3 4 5 6 7

2 3 4 5 6 7 8

2 1
3 2
4 3
5 4

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

6 5
7 6
8 5
9 4

5 6 7 8 9 10 11

6 7 8 9 10 11 12

9 4
10 3
11 2
12 1

Finally we will derive the probability of obtaining each value of X. 
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

X f p

2 1

of Two Dice

green

1 2 3 4 5 6 7

2 3 4 5 6 7 8

2 1
3 2
4 3
5 4

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

6 5
7 6
8 5
9 4

5 6 7 8 9 10 11

6 7 8 9 10 11 12

9 4
10 3
11 2
12 1

If there is 1/6 probability of obtaining each number on the red die, and the same on the green die, each 
outcome in the table will occur with 1/36 probability.
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Probability Distribution Example: X is the Sum 
of Two Dice

red 1 2 3 4 5 6
green

X f p

2 1 1/36

of Two Dice

green

1 2 3 4 5 6 7

2 3 4 5 6 7 8

2 1 1/36
3 2 2/36
4 3 3/36
5 4 4/36

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

6 5 5/36
7 6 6/36
8 5 5/36
9 4 4/36

5 6 7 8 9 10 11

6 7 8 9 10 11 12

9 4 4/36
10 3 3/36
11 2 2/36
12 1 1/36

Hence to obtain the probabilities associated with the different values of X, we divide the frequencies by 
36.
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Probability Distribution Example: X is the Sum 
of Two Diceprobability of Two Dice

65432 235 46__
36

5__
36

4__
36

3__
36

2__
36

2__
36

3__
36

5__
36

4__
36

1
36

1
36

2 3 4 5 6 7 8 9 10 11 12 X

The distribution is shown graphically.  in this example it is symmetrical, highest for X equal to 7 and 
declining on either side.
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OverviewOverview

• Discrete Random VariablesDiscrete Random Variables

• Expected Value

P i f Di R d V i bl• Pairs of Discrete Random Variables
– Conditional Probability

– Bayes Rule

• Continuous Random Variables
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Expected ValueExpected Value

• Definition of E(X), the expected value of X:Definition of E(X), the expected value of X:


n

pxpxpxXE )(

Th t d l f d i bl





i

iinn pxpxpxXE
1

11 ...)(

• The expected value of a random variable, 
also known as its population mean, is the 
weighted average of its possible valuesweighted average of its possible values, 
the weights being the probabilities 
attached to the valuesattached to the values

66



Expected Value ExampleExpected Value Example
xi pi xi pi xi pi   xi pi  

x1 p1 x1 p1 2 1/36 2/36
x2 p2 x2 p2 3 2/36 6/36
x3 p3 x3 p3 4 3/36 12/36x3 p3 x3 p3 4 3/36 12/36
x4 p4 x4 p4 5 4/36 20/36
x5 p5 x5 p5 6 5/36 30/36
x6 p6 x6 p6 7 6/36 42/36
x7 p7 x7 p7 8 5/36 40/36
x8 p8 x8 p8 9 4/36 36/36
x9 p9 x9 p9 10 3/36 30/36
x10 p10 x10 p10 11 2/36 22/36
x11 p11 x11 p11 12 1/36 12/36
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Expected Value PropertiesExpected Value Properties

• LinearLinear
E(X + Y) = E(X) + E(Y)
E(bX) = bE(X)
E(b) = b

Y = b + b XY = b1 + b2X
E(Y) = E(b1 + b2X)

= E(b1) + E(b2X)( 1) ( 2 )
= b1 + b2 E(X) 

• Also denoted by µ
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VarianceVariance

Var(X) = E[(X- µ)2] = 2( ) ( )i ix P X x Var(X) = E[(X µ) ] =

V (X) 2

( ) ( )i ix P X x

Var(X) = σ2

V (X) E[(X )2] E[X2] (E[X])2Var(X) = E[(X- µ)2] = E[X2] – (E[X])2

(Prove it.)
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OverviewOverview

• Discrete Random VariablesDiscrete Random Variables

• Expected Value

P i f Di R d V i bl• Pairs of Discrete Random Variables
– Conditional Probability

– Bayes Rule

• Continuous Random Variables
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Pairs of Discrete Random VariablesPairs of Discrete Random Variables

• Let x and y be two discrete r.v. 

• For each possible pair of values, we can 
define a joint probability pij=Pr[x=xi, y=yj]j p y pij [ i, y yj]

• We can also define a joint probability mass 
function P(x y) which offers a completefunction P(x,y) which offers a complete 
characterization of the pair of r.v.

PP )()(
Marginal distributions










y

Yy
x

yxPyP

yxPxP

),()(

),()(

71
Note that Px and Py are different functions


Xx

y yy ),()(



Statistical IndependenceStatistical Independence

T d i bl d id t b i d d t ifTwo random variables x and y are said to be independent, if 

and only if

P(x,y)=Px(x) Py(y)   

that is, when knowing the value of x does not give us 

additional information for the value of y.

Or, equivalently

E[f(x)g(y)]  = E[f(x)] E[g(y)]

for any functions f(x) and g(y).y ( ) g(y)
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Conditional ProbabilityConditional Probability

• When two r v are not independentWhen two r.v. are not independent, 
knowing one allows better estimate of the 
other (e g outside temperature season)other (e.g. outside temperature, season)

]yPr[y
]yy , xPr[x

]yy |xPr[x ji
ji 




• If independent P(x|y)=P(x)

]yPr[y j
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Conditional Probability ExampleConditional Probability Example

A jar contains black and white marbles Two marbles areA jar contains black and white marbles. Two marbles are 
chosen without replacement. The probability of selecting 
a black marble and then a white marble is 0.34, and the 
probability of selecting a black marble on the first draw is 
0.47. What is the probability of selecting a white marble 
on the second draw, given that the first marble drawn , g
was black? 
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Conditional Probability ExampleConditional Probability Example

A jar contains black and white marbles Two marbles areA jar contains black and white marbles. Two marbles are 
chosen without replacement. The probability of selecting 
a black marble and then a white marble is 0.34, and the 
probability of selecting a black marble on the first draw is 
0.47. What is the probability of selecting a white marble 
on the second draw, given that the first marble drawn , g
was black? 

340)( WhiBl kP 72.0
47.0
34.0

)(
)()|( 




BlackP
WhiteBlackPBlackWhiteP
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Law of Total ProbabilityLaw of Total Probability

• If an event A can occur in m different waysIf an event A can occur in m different ways 
and if these m different ways are mutually 
exclusive then the probability of Aexclusive, then the probability of A 
occurring is the sum of the probabilities of 
the sub-eventsthe sub events

  jjii yYPyYxXPxXP )()|()( 
j

jj
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Law of Total ProbabilityLaw of Total Probability

• This can also be written as:This can also be written as:

),()( yxPxPx  
),()|(

),()(

yxPyxP

y
Yy

x






)(
)|(

yP
yxP
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Bayes RuleBayes Rule

)(
)()|(

)(
),()|( 

P
xPxyP

P
yxPyxP

prior*likelihoodposterior

),()( 
Xx

yxPyP

• x is the unknown cause
evidence

posterior 

• y is the observed evidence
• Denominator often omitted (maximum a posteriori 

l i )solution)
• Bayes rule shows how probability of x changes 

after we have observed yafter we have observed y
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IllustrationIllustration

Andrew Moore (CMU) 79



OverviewOverview

• Discrete Random VariablesDiscrete Random Variables

• Expected Value

P i f Di R d V i bl• Pairs of Discrete Random Variables
– Conditional Probability

– Bayes Rule

• Continuous Random Variables
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Continuous Random VariablesContinuous Random Variables

• Examples: room temperature, time to run p p
100m, weight of child at birth…

• Cannot talk about probability of that x hasCannot talk about probability of that x has 
a particular value

• Instead probability that x falls in an• Instead, probability that x falls in an 
interval => probability density function

b




 )()],(Pr[ dxxpbax
b

a
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Expected ValueExpected Value




 dxxxpxE )(][ 








 dxxpxfxfE )()()]([








 dxxpxxVar )()(][ 22 

• Bayes rule



)()|()|( 
xpxypyxpy
)()|(

)|(






dxxpxyp
yp
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Normal (Gaussian) DistributionNormal (Gaussian) Distribution

• Central Limit Theorem: under variousCentral Limit Theorem: under various 
conditions, the distribution of the sum of d
independent random variables approachesindependent random variables approaches 
a limiting form known as the normal 
distribution 1 )( 2xdistribution

),(
2
1)( 22

)(
2 





Nexp
x



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Normal (Gaussian) DistributionNormal (Gaussian) Distribution
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